CHAPTER 1

The Principles of Magnetic
Resonance, and Associated
Hardware
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1.1 Introduction

The diversity of magnetic resonance (MR) experiments is enormous, ranging
from simple one-dimensional proton nuclear magnetic resonance (NMR)
spectroscopy through multi-dimensional multi-nuclear spectra to full
three-dimensional magnetic resonance imaging (MRI) of morphology and
function in animals and humans. Some examples of the types of data pro-
duced from different MR experiments are shown in Figure 1.1.

Despite the widely different information content of these data, the funda-
mental hardware systems for NMR spectroscopy (in both the liquid and solid
states) and MRI (human and animal) are very similar. The basic components
include the following:
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The Principles of Magnetic Resonance, and Associated Hardware 3

(i) The magnet, which polarizes the nuclei and produces a net magnetiza-
tion within the sample.

(ii) The radiofrequency coil(s), which transmit pulses of electromagnetic
(EM) energy into the sample and detect the precessing magnetization,
which constitutes the MR signal.

(iii) Magnetic field gradient coils, which induce a spatial dependence of
the nuclear precession frequency and can be used for coherence order
selection, measurements of diffusion, and MRI.

(iv) Shim coils, which are used to produce as homogeneous a magnetic
field as possible throughout the sample.

(v) The receiver electronics and circuitry, which amplify, filter and digitize
the MR signal for data storage and post-processing.

The physical arrangement of components (i) to (iv) is shown in Figure 1.2
for a vertical bore magnet.

room temperature
shim coils

gradients

RF coil

superconducting
magnet + shims

Figure 1.2 Schematic of the setup for high-resolution liquid-state NMR experi-
ments. The vertical-bore superconducting magnet has a clear bore of
either 89 mm (wide-bore) or 51 mm (narrow-bore). Sets of supercon-
ducting shim coils are embedded within the cryostat. Additional room
temperature shims are located inside the magnet bore. The next level
inwards comprises the magnetic field gradient set, which may consist
of one- or three-axis gradients. The innermost structure is the RF coil
containing the NMR sample.
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Figure 1.3 Block diagram of a generic MR system. The timing of RF pulses, gradient
pulses, and data acquisition are all tied to a central clock. For high-res-
olution NMR there are typically three or four different frequency chan-
nels (in addition to the lock channel) transmitting RF pulses, whereas
for MRI usually only a proton channel is present. In high-resolution
NMR a single receive coil is used: in contrast, for MRI there are usually
multiple receiver coils and associated receive channels, with 32 being a
typical number for commercial systems.

In addition, there are a series of electronic components used to switch the
gradients on and off, to produce high power RF pulses, and to amplify and
digitize the signal. A simplified block diagram of a generalized MR system is
shown in Figure 1.3.

Table 1.1 gives an idea of the characteristics and performance of com-
ponents in typical commercial NMR and MRI systems. The system perfor-
mances of each of the components in the table are explained in greater detail
in the relevant sections throughout the book.

In the following sections in this chapter the basic phenomena involved in
magnetic resonance are explained briefly, with links to the relevant system
hardware. There are a large number of MR books dealing with the basic the-
ory of high-resolution liquid-state NMR,'” solid-state NMR®® and MRI,'*™"?
and readers are advised to consult these tomes for much more in-depth anal-
yses of different aspects of basic MR theory.

620z AeIN | uo 1senb Aq 4pd-10000-565£29282 | 826)0/6 1 G8ES | /4pd-1e1deyo/awn|on-pelpe/sx00q/610-0s1'$000)/:dRYy Woly peapeojumoq



The Principles of Magnetic Resonance, and Associated Hardware 5

Table 1.1 Characteristics of the magnet, gradients, and RF coils in commercial

systems.
NMR MRI MRI
Human Animal
Static magnetic 4.7-23.5 tesla 1.5-9.4 tesla 4.7-21.1 tesla
field
Proton frequency 200 MHz-1 GHz 63.8-400 MHz 200-900 MHz
Gradient strength  500°mT m™* 40-80°’mTm™' 1Tm!(6cmi.d.)
750 mT m™* (9 cm i.d.)
450 mT m™* (12 em i.d.)
RF coil diameter  1.3-20 mm 10-60 cm 10-60 mm
RF amplifier power 1 kW 30 kw 4 kW
Shortest pulse ~1 ps ~10-50 ps 5-10 ps

“Single axis diffusion gradients can reach ~25 T m™.
2300 mT m™ for specialized systems for the human-connectome project.?*?*

1.2 The Superconducting Magnet and Nuclear
Polarization

The role of the magnet is to polarize the nuclei to produce a net magnetiza-
tion within the sample. For NMR spectroscopy and MRI, almost all magnets
are superconducting. The magnetic field should be temporally stable and
homogeneous to within parts-per-billion (ppb) throughout the sample. Most
magnets are actively shielded, i.e. the fringe field does not extend signifi-
cantly outside the physical dimensions of the magnet itself. Magnet design
is considered in detail in Chapter 2 of this book, as well as Appendix 1A at the
end of this chapter.

All nuclei with an odd atomic weight and/or an odd atomic number pos-
sess a fundamental quantum mechanical property termed “spin” and are
termed “spin-active” or “NMR-active”. The most important spin-active nuclei
include 'H, *C, N, **Na, 70, *'P and *H. Notably spin-inactive are nuclei such
as '°0 and "C. Considering the proton as the simplest example, the prop-
erty of spin can be viewed as the proton spinning around an internal axis of
rotation giving it a certain value of angular momentum (P). Since the proton
is a charged particle, this rotation results in a magnetic moment (x). This
magnetic moment produces an associated magnetic field, which has a con-
figuration similar to that of a bar magnet. The magnitude of P is quantized in
terms of the nuclear spin quantum number (I):

|P| :%[1(14—1)]% (1.1)

where £ is Planck’s constant (6.63 x 107** Js). In the following analysis a spin
1/2 nucleus (I = 1/2) is considered, corresponding to 'H, *C, "*N, and *'P in
the previous list. In this case:

(1.2)

~ h\3
A=

21 2
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6 Chapter 1

The magnitudes of the magnetic moment and the angular momentum of
the proton are related by:

|| = |P| 1(1 + 1)] (1.3)

where y is the nuclear gyromagnetic ratio, and has a specific value for differ-
ent nuclei, with protons having the highest y (with the exception of tritium).
For protons therefore:

(1.4)

-

4n

4 contains three components (,, #, and x,), each of which can have any
value within the conditions governed by eqn (1.4): this situation is shown in
Figure 1.4(a). However, in the presence of a strong magnetic field, B, , is
quantized with values given by:

h
/uz :y_ml (1'5)
21

where m, is the nuclear magnetic quantum number, and can take values I,
I—1...-I In the case of a proton, m; = +1/2 and so:

o 1.6
po =t (1.6)

The orientation of 4 with respect to B, is shown in Figure 1.4(b). The inter-
action of the static magnetic (B,) field with g, results in Zeeman splitting,
producing two energy levels: one in which g, aligns parallel to B, (the lower
energy state) and the other anti-parallel (the higher energy state).

The net magnetization, M,, of a sample containing N, protons is propor-
tional to the difference in populations between the two energy levels, which
is dictated by Boltzmann’s equation:

VZhZBoNs

1.7
16m°kT (17)

& h
MO = Zﬂz,n = Z_H(Nparallel - Nanti-parallel ) =

Eqn (1.7) shows that the net polarization of a sample is proportional to
the strength of the main magnetic field. However, since the energy differ-
ence between the two levels is very small, so is the population difference. For
example, at an operating magnetic field of 11.7 tesla for every one million
protons, there is a population difference of only ~40 protons between the
parallel and anti-parallel orientations.
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(@) (b)
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no magnetic field B, present

Figure 1.4 (a) In the absence of a magnetic field x lies in a random direction and
the nuclei occupy a single energy level. (b) When a static magnetic field
is applied, y, becomes quantized at an angle 6 of 54.7° with respect
to B,. Parallel (a) and anti-parallel (B) orientations correspond to two
energy levels, with a difference AE = yhB /2. A greater number of nuclei
occupy the lower energy, parallel state.

1.3 The Transmitter Coil to Generate
Radiofrequency Pulses

In order to detect an MR signal, energy must be applied to the nuclear spin
system to stimulate transitions between the two energy levels. A pulse of EM
energy is applied at the specific resonance frequency (f;), which corresponds
to the energy difference between the two levels via:

_ yhB,

= (1.8)

hf, = AE
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8 Chapter 1

The resonance frequency in Hz, or resonance angular frequency (w,) in
radians per second, is therefore given by:

B,
.ﬂ) =y2_;1w0 =B, (1'9)

The pulsed EM wave consists of both magnetic and electric field com-
ponents, and it is the magnetic component that interacts with the nuclear
magnetization. The EM energy, termed a radiofrequency (RF) pulse, is trans-
mitted via an RF coil. As shown in Figure 1.5, the magnetic field component,
Bj, of the EM wave from the RF coil must be created in a direction perpendic-
ular to B, in order to interact with the magnetization.

Using classical mechanics, the action of the RF pulse applied along one
axis produces a torque perpendicular to that axis. As shown in Figure 1.5(b),
the angle o by which the magnetization is rotated is proportional to the prod-
uct of the strength of the applied RF field and the time, 7z, for which it is
applied.

o= yB{1g, (1.10)

After application of an RF pulse with tip angle a about the x-axis, the net
magnetization can be expressed as three different vectors.

M, =M,cosa, M, =0, M, = M,sina (1.11)

The geometric design of the RF coil is determined by the requirement that
the By field produced by the coil must be perpendicular to B,. There are a
large number of different geometries, which are discussed in detail in Chap-
ter 3. One example, widely used in high-resolution liquid-state NMR, is the
“saddle” coil, shown in Figure 1.6. The long axis of the coil is coincident with
By, and current flowing through the copper conductor produces a By field
with the required orientation. The RF coil is tuned and impedance matched
to 50 Q at the Larmor frequency for high efficiency. The RF coil may be tuned
to more than one frequency, as also discussed in Chapter 3.

Power to the RF coil is supplied by an RF amplifier, the general specifica-
tions of which include:

(i) Amplifiers for liquid-state and solid-state NMR experiments must be
able to produce pulses as short as 1 ps, with accurate and reproducible
shape, at frequencies up to ~1 GHz. In solid-state NMR applications,
very high power pulses with a very high duty cycle may be used for
proton decoupling.

(ii) Inthe case of MRI, up to 30-60 kW of power must be available without
the performance varying over time owing to any component heating,
as well as the amplifiers being capable of high duty cycles for RF-inten-
sive sequences, such as turbo spin-echoes.

The design of RF amplifiers is described in detail in Chapter 6.
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is applied.

+
1

(a) The effect of an RF pulse on the net magnetization is to rotate the magnetization about the axis along which B

(b) The angle of rotation « is given by eqn (1.10).

+
1

B

Figure 1.5
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Figure 1.6 (a) Photograph of a saddle coil, formed of an etched copper substrate,
used for high-resolution liquid-state NMR. The electrical circuitry used
for tuning and impedance matching is situated below the coil. The sam-
ple is placed in the centre of the coil. (b) Current I flowing through the
coil produces a B, field that is perpendicular to B,.

1.4 Precession

When the RF pulse is turned off, the component of magnetization in the
transverse plane precesses around B,, as shown in Figure 1.7(a). The preces-
sion frequency, precession, 1S €xactly the same as the frequency of irradiation:

mprecession =Wy = VBO (1'12)

The concept of a rotating reference frame is very useful in analyzing the
behaviour of the net magnetization, and is shown in Figure 1.7(b). The rotating
reference frame (x'y’) is defined as rotating around B, at an angular frequency .

In fact, the exact precession frequencies of different nuclei within a mole-
cule are determined by two other factors, chemical shift and scalar coupling,
which are outlined in the following sections.

1.4.1 Chemical Shift

The term “chemical shift” refers to the fact that protons in different chemical
environments within a molecule resonate at slightly different frequencies:
their precession frequencies are shifted (with respect to a reference, dis-
cussed below) with the magnitude of the shift depending on their particular
chemical environment. The cause of this shift is that the exact magnetic field
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, ~C - —
° o [ON
Laboratory frame Rotating reference frame

Figure 1.7 (a) Immediately after a 90° pulse about the x-axis, the magnetization
lies along the y-axis, and starts to precess at a frequUency ®precession, ZiVen
by eqn (1.12). (b) In the rotating reference frame the magnetization vec-
tor appears static.

experienced by each proton in the molecule is slightly lower than B, owing
to the shielding effects of the electron cloud surrounding each proton. Elec-
trons have a magnetic moment, which is opposite in sign to that of the pro-
ton, and so the effective magnetic field experienced by the proton is reduced.
As an example, consider the lactic acid molecule shown in Figure 1.8. There
are four different proton groups (CH;, CH, OH, COOH) in this molecule: each
of these proton groups has a slightly different precession frequency since
they experience a slightly different magnetic field. The effective magnetic
field, B g, experienced by a proton is given by:

Be¢ = Bo(1 - 0) (1.13)

where o is called the shielding constant, and is related to the electronic envi-
ronment surrounding the nucleus. The resonant frequency of the proton is
given by:

© = 7B = 7B,(1~ 0) (1.14)

One of the main factors that determines the value of ¢ is the electroneg-
ativity of the atoms connected to the protons: the proton in an -OH group
has a lower shielding constant than those in a ~CH,- group since oxygen is
more electronegative than carbon and pulls electrons away from the proton,
thus reducing the shielding. The resonant frequency of the proton of an -OH
group is therefore higher than that of the protons in a ~-CH,- group. The
chemical shift (d), in units of parts-per-million (ppm), is defined as:

5(ppm):106M (1.15)

ref

where f,.; is the resonant frequency of the protons in tetramethylsi-
lane (TMS), which acts as a reference for proton NMR spectra. Figure 1.9
shows approximate chemical shift ranges for protons in different chemical
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12 Chapter 1

HO OH

Figure 1.8 (a)Chemical structure of a lactic acid molecule. (b) Ball-and-stick model
of the lactic acid molecule with oxygens shown in red, protons in white
and carbons in gray.

=CH
alkane

alkene
-CHO
-COOH

12 10 8 6 4 2 0 ppm

Figure 1.9 The range of proton chemical shifts for different chemical moieties.

environments. For the lactic acid molecule, the order of resonance frequen-
cies is: CH; < CH < OH < COOH.

1.4.2 Scalar Coupling

Consider the protons in the molecule shown in Figure 1.10. There are
three chemically distinct protons (H,, Hg, and H), which have three dif-
ferent chemical shifts and corresponding resonant frequencies. However,
there is also an interaction between the two protons H, and Hy, which are
separated by three chemical bonds (H,-to-C-to-C-to-Hg). The magnetic
field experienced by H, depends upon whether Hy is in the o (parallel) or
B (anti-parallel) state, and vice versa: this phenomenon is termed scalar
coupling. Therefore, there are four different energy levels for this coupled
two-proton system: ao, af, fa, and BB, as shown in Figure 1.10(b). The
exact value of the scalar coupling constant J depends upon a number of

520z Ae 1 uo isanb Aq Jpd*10000-565€2928. 1 826M0/6 1 S8ES 1/Ppd-181dBYI/8WN|0A-PB}IPS/SY00q/610°0S1 $000)/:dlY WO} papeojumog



The Principles of Magnetic Resonance, and Associated Hardware 13

(@) (b) BB

" b

Br Br

[ede)

Figure 1.10 (a) A chemical molecule with three different protons. H, and Hy are
scalar coupled, whereas H is not coupled. (b) Energy level diagram for
the coupled H, and Hj, protons.

different factors, including the particular type of chemical bond (single,
double or triple bond), as well as the angle subtended between the C-H
bonds (the Karplus angle), but in general the values are between 1 and 7
Hz. The greater the number of bonds between the protons the weaker the
coupling, and so for the molecule in Figure 1.10(a) there is effectively no
coupling between H, and H since there are five chemical bonds between
the protons.

For the coupled H,—Hj system, the four different transition energies corre-
sponding to the energy level diagram in Figure 1.10(b) are given by:

1 1
Wy =Wy _E.]ABia)SLI LN +E]AB
(1.16)

1 1
W3 = Wy _E]AB’CO24 =g +E-]AB

Figure 1.11 shows the evolution of the precessing magnetization for the
three different protons. From Figure 1.9 the chemical shift of H has the low-
est value, followed by H, and the highest value for Hy. H¢ precesses at a sin-
gle frequency, whereas protons H, and Hy, are “split” into two frequencies by
the scalar coupling.

1.4.3 Relaxation Processes

The final effect that must be considered in terms of the precession of the net
magnetization is relaxation. After the RF pulse has been turned off, each of the
magnetization components M,, M, and M, returns to their thermal equilib-
rium values, with the time-evolution determined by specific time-constants.
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14 Chapter 1

Figure 1.11 Evolution of the magnetization in the molecule shown in Figure 1.10
from the combined effects of chemical shift and scalar coupling. The
rotating reference frame (x'y’) frequency is set to the chemical shift of H,.

The time-evolutions of M,, M, and M, are characterized by differential equa-
tions known as the Bloch equations:"

dm o) M
o]

=

dt T,
dm M
dty :yMzB1_VMx[Bo _ﬂj_?y (1'17)
Y 2
d.MZ _ M,-M,
a  METT

1

The return of M, to its equilibrium value of M, is governed by the spin-lattice
(Ty) relaxation time, and the return of M, and M, to their thermal equilibrium
value of zero by the spin-spin (T,) relaxation time. It should be noted that the
relative values of T, and T, can be very different for different types of sample,
but T, is always greater or equal to T,. For non-viscous liquids used in high-res-
olution NMR, the values of T, and T, are very similar. In contrast, in solid sam-
ples T, can be up to six orders shorter than T}, and for human MRI the T, of
many soft tissues is between one and two orders of magnitude smaller than T;.

Solving the Bloch equations for the M, and M, components of magnetiza-
tion gives:

M,(t) = Myt = 0)e "2, M(t) = M(t = 0)e " (1.18)
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Therefore, the precessing magnetization vectors shown in Figure 1.11
decay exponentially as a function of time. In practice, there is an addition
term that gives rise to the decay of transverse magnetization, which is termed
“inhomogeneous line-broadening” and has a time-constant of 7,. This term
arises from spatial inhomogeneities in the magnetic field within the sample
as-a-whole, and can arise from the magnet itself or more commonly with an
inhomogeneous sample. The overall relaxation time for transverse magneti-
zation is termed T, which is given by:

. TT
T, =2_2+ (1.19)
T, +T,

The return of M, to its thermal equilibrium value of M, is governed by the
T, relaxation time:

M, (t)=M,(t=0)+(M, —Mz(t=0))[1—e;_lJ (1.20)

1.5 The Receiver Colil for Detecting the MR Signal

In high-resolution NMR experiments, the same RF coil used to transmit the
RF pulses is also used to detect the MR signal. In contrast, in MRI experi-
ments a large number of small coils are typically used to receive the signal,
with (usually) a single large coil used to transmit the RF pulses. For simplic-
ity, and without losing generality, Figure 1.12(a) shows the case relevant to

(a) (b)

Vv

Figure 1.12 (a) Detection of the MR signal occurs via the voltage induced across
the terminals of an RF coil by the time-varying magnetic flux produced
by the precessing magnetization. (b) The induced voltage as a function
of time, incorporating chemical shift and scalar coupling, as well as
T, relaxation.
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high-resolution NMR in which the saddle coil shown in Figure 1.6 is used
as the receiver coil. The time-varying magnetic field produced by the preces-
sion of the magnetization vectors results in a voltage being induced in this
receiver coil. The induced voltage, V, is given by Faraday’s law and is propor-
tional to the rate-of-change of magnetic flux:

og(t) 0O B,
Vet =—— —-M_dr 1.21
at 6t J‘sample I e ( )

where the coil sensitivity is defined as B,/I, i.e. the B, field produced per unit
applied current. At higher strengths of the B, field, the protons precess at a
higher frequency, the value of d¢/dt increases, and so the detected MR signal
is higher.

The time-domain signal is shown in Figure 1.12(b). Based on the previ-
ous sections the signal contains a number of different frequencies owing to
chemical shift and the effects of scalar coupling, and decays exponentially as
a function of time. The time-domain signal is usually referred to as the free
induction decay (FID).

1.6 The Receiver: Signal Demodulation, Digitization
and Fourier Transformation

The analogue time-domain signal shown in Figure 1.12(b) must be converted
into a digital signal so that it can be stored and processed. Typically, the mag-
nitude of the signal is on the order of millivolts or even lower, which means
that it cannot be digitized directly with a high dynamic range by a commer-
cial analogue-to-digital converter (ADC). It must first pass through the MR
receiver, which is covered in detail in Chapter 7 and so only a brief overview
is given here.

1.6.1 Receiver Electronics

A Dblock diagram of the electronic circuits in the receiver is shown in
Figure 1.13. The signal first passes through a low-noise preamplifier, with
a typical gain factor of 20-30 dB and noise figure ~0.5 dB. Commercial
ADCs used in MR have a maximum input voltage of 5 volts, with resolu-
tion of 16 bits, and so the voltage should be amplified to close to 5 volts
before being digitized, otherwise the full dynamic range of the ADC is not
utilized.

High-resolution ADCs cannot sample at the very high frequencies associ-
ated with MR, and so it is necessary to demodulate the signal to reduce the
sampling rate in order to take advantage of the high dynamic range. The
first demodulation step uses two phase sensitive detectors (PSDs), with the
inputs to the two PSDs phase shifted by 90° to produce real and imaginary
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2cosm,t
variable-gain
l PSD amplifiers
premsMpn s
preamplifier ® A\ LPF | ——— — ADC
V(t) “~---. ----------------------------- ! SR(t)
VN TS
: @ A LPF | —— D — ADC
L= i(t)
T PSD
2sinmyt

Figure 1.13  Block diagram of the individual components in an MR receiver.

outputs centred at a lower intermediate frequency, o, Each PSD contains a
mixer and low pass filter, with the mixer effectively acting as a signal multi-
plier. The output of the mixer has frequency components at (o, + o) and
(0, — orp): the low pass filter removes the higher frequency components. The
real, sy(¢), and imaginary, s,(t), components of the signal pass through a sec-
ond amplification stage and are digitized using separate ADCs. In practice,
digital sampling is now common in both NMR and MRIL," and is discussed
further in Chapter 7.

1.6.2 Signal Processing

In NMR experiments, after the signal has been digitized and stored, it is Fou-
rier transformed into the frequency domain (for imaging experiments, cov-
ered later in this chapter, the transformation is a multi-dimensional inverse
Fourier transform). The frequency-domain signal has both real, Si(f), and
imaginary, S;(f), components given by:

T @y
S B R Tec v IR

The real part of the frequency-domain signal, Sy(f), is termed the absorp-
tion-mode spectrum, as shown in Figure 1.14. Each line in the spectrum is
described by a Lorentz function with a full-width-half-maximum (FWHM)
given by (77,)". The imaginary component of the frequency-domain sig-
nal is termed the dispersion-mode spectrum, as also shown in Figure 1.14.
The real part of the spectrum is displayed after the phase of the spectra is
adjusted to account for the finite delay between the RF pulse being switched
off and the start of data acquisition. Frequency independent (zero-order) and
frequency-dependent (first-order) phasing are applied so that the real part of
the spectrum is completely absorptive.
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Figure 1.14 TFourier transformation of the complex time-domain digitized signal
gives an absorption spectrum (top) and a dispersion spectrum (below).

1.7 Shim Coils

Despite every effort to construct a magnet that produces a completely homoge-
neous static field throughout the entire sample, this is impossible to achieve in
practice. Finite mechanical tolerances in winding and placement of the super-
conducting wires, and material imperfections within the superconducting
wire itself result in a small degree of spatial variation of the B, field. Indeed, it
is theoretically only possible to produce a completely homogeneous field with
an infinitely long magnet, as covered in Chapter 2. Furthermore, unless the
sample is a pure liquid, the different magnetic susceptibilities of components
within the sample, and in particular the boundaries between these compo-
nents, produce distortions in the magnetic field: this is the case particularly for
MRI experiments in animals or humans, as described in Chapter 4.

In order to counteract this sample-dependent inhomogeneity in the static
magnetic field, it is necessary to introduce “shim coils”, which are discussed in
more detail in Chapter 4. These are “correction” coils, through which current
can be passed to produce a spatially-varying compensatory magnetic field for
the particular sample being studied. There are two different types of shim coils:
(i) superconducting shim coils, which are situated in the cryostat of the magnet,
as shown in Figure 1.2, and which are adjusted only during magnet installation,
and (ii) room-temperature shims, which are normally placed on the inside of the
magnet bore. In high-resolution NMR there may be up to thirty different shim
coils through which current can be passed. The reason for such a high num-
ber is that it is essential to obtain narrow linewidths in high-resolution NMR
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Figure 1.15 (a) Wire geometries for Z1, Z2 and Z3 shim coils with the appropriate
relative current values and directions provided by the individual shim
DC power supplies. (b) The spatial variation in magnetic field in the
z-direction for each of the Z1, Z2 and Z3 shim coils. (c) A spectrum
showing a well-shimmed line shape. (d) A spectrum showing low-field
asymmetry produced by a sub-optimal value of the Z2 shim. (e) A spec-
trum displaying a symmetric broad baseline produced by a sub-opti-
mal value of the Z3 shim.

spectroscopy in order to separate the resonances from protons in similar chem-
ical environments. In MRI there are far fewer shim coils since: (i) imaging is
inherently less sensitive than spectroscopy to B, field inhomogeneities, (ii) the
effect of the shims is less since they are situated a much greater distance away
from the sample than in high-resolution NMR, and (iii) the intrinsic inhomoge-
neities produced by the sample are much greater.

The geometry of the shim coils is designed to produce different spatial
variations in the magnetic field. Figure 1.15(a) shows examples of three sets
of shim coils used to produce different spatial compensations to the mag-
netic field, Figure 1.15(b), as a function of location in the z-direction. The
effects of mis-setting the shim currents are also shown in Figure 1.15.

Optimization of the currents through the shim coils can be performed in
two different ways. In one method, the real component of the deuterium lock
signal is monitored, covered later in Section 1.9, in the other method mag-
netic field gradients are used, as described in Section 1.8.4.

1.8 Gradient Coils

Magnetic field gradient coils, a term usually shortened to simply “gradient
coils”, are designed to produce a linear dependence of the effective mag-
netic field on spatial position. They consist of shaped conductors (wires or
thin sheets) through which current passes to produce the gradient field. In
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high-resolution NMR probes, a single z-axis gradient coil is usually inte-
grated into the RF probe, although three-axis gradients can also be present.
For MRI, three independent orthogonal sets of gradient coils are present,
each controlled by independent gradient amplifiers.

Since only the z-component of the magnetic field (B,) interacts with the
proton magnetic moments, it is the spatial variation of B, that is relevant.
The magnetic field gradients are designed to be linear over the sample, i.e.:

—=G 1.23
-6, (1.23)

Figure 1.16 shows a plot of magnetic field vs. spatial position for a gradient
applied along the z-axis.

When the gradient is switched on by passing current through the coil, the
magnetic field B, becomes a function of z position and is given by:

B,=B,y+2G, (1.24)

where G, has units of tesla (T) per metre. The corresponding precession fre-
quencies (w,) of the protons, in the rotating frame, are given by:

®, = 72G, (1.25)
Details on gradient coil design, as well as the gradient amplifiers, are cov-
ered in Chapter 5. Gradient coils are used for many purposes in MR, the fol-

lowing being the most common:

(i) Dephasing or “crushing” of unwanted transverse magnetization.
(ii) Coherence selection in multiple quantum coherence experiments.'®

Figure 1.16 A linear gradient in the z-direction can be produced by two sets of
loops of wire (a), each one carrying current in the opposite direction.
(b) Midway between the loops, at z = 0, the additional magnetic field
from the two sets of loops cancels out, and the magnetic field experi-
enced by the nuclei is B,.
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(iii) Measurements of apparent diffusion coefficients of liquid samples,"’
or tissues in MRIL."®
(iv) Rapid optimization of shim currents for high-resolution NMR and
MRI.
(v) Spatial localization in MRI'**° and localized in vivo magnetic reso-
nance spectroscopy (MRS).

The following sections give a brief overview of these gradient-based
applications.

1.8.1 Crusher Gradients to Dephase Transverse
Magnetization

“Crusher” gradients are used to dephase transverse magnetization and are
widely used, for example, in localized in vivo MR spectroscopy to suppress
unwanted signals arising from imperfect RF pulses. In order to calculate
the required strength and duration of a gradient pulse for effective dephas-
ing, consider the effect of a gradient, G,, applied for a time 7 as shown in
Figure 1.17(a), on transverse magnetization, M,,. The resonance frequency
of the protons is given by eqn (1.25). If one assumes a sample with length
L in the z-direction, and with uniform proton density, then the average
transverse magnetization, as a function of G, and r, over the length L is
given by:

sin(yLG,7/2)

1.26
yLG,7 /2 (1.26)

1.t .
M, (r)=— [2M,,(t=0)e"dz =
2

i.e. a sinc function. Figure 1.17(b) shows a plot of the transverse magnetiza-
tion as a function of time and gradient strength. If one wishes, as an example,

(a) M (b)

Xy
1

0.5

0 —U%Av&vév»
- t
G, - -0.5

Figure 1.17 (a) Application of a gradient pulse directly after an RF pulse dephases
the magnetization. (b) The time-evolution of the transverse magneti-
zation as a function of gradient strength.

RF
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to completely dephase the magnetization for a sample of length 1 cm, then
a 2 ms long gradient pulse with strength 0.37 T m™ reduces the transverse
magnetization by a factor of 1000.

1.8.2 Gradients for Coherence Selection in High-Resolution
NMR

Many NMR experiments involve the creation and selection of multiple
quantum coherences to simplify the resulting spectra. Examples include
homonuclear double quantum and triple quantum coherence selection
in correlated spectroscopy (COSY) experiments, as well as heteronuclear
multiple quantum coherences created in triple-resonance sequences.
The topic of multiple-quantum sequences is covered in many textbooks
on high resolution NMR spectroscopy. Gradients can be used to select
between different coherence pathways. The coherence order, p, is defined
as the difference in the magnetic quantum number, m, of the relevant
eigenstates, i.e.:

p=m.—my (1.27)

Longitudinal magnetization corresponds to p = 0, single quantum
coherence transverse magnetization to p = +1, double-quantum coher-
ence to p = +2, and so on. In any sequence, the coherence transfer pathway
begins with p = 0, corresponding to thermal equilibrium magnetization
along B,,.

In order to select only the desired coherence pathway, phase cycling
can be used, i.e. repeating the sequence a number of times with different
phases of the RF pulses. This is an efficient way of coherence selection,
but limits the minimum total experiment time, especially for sequences
requiring extensive phase cycles (16, 32 or 64 steps). An alternative
method of selecting specific coherence orders is to use gradients, using
the principle that the phase accumulation of the spins during the appli-
cation of the gradient pulse is proportional to the coherence order. So for
a rectangular-shaped gradient pulse with strength G,, applied for time z,
the phase ¢ is given by:

#(2,7) = pyGzzr (1.28)

Eqn (1.28) shows, for example, that double-quantum coherences accu-
mulate phase twice as fast as single-quantum coherence, and triple-quan-
tum coherences three times as fast. Thus, by applying gradient pulses of
different strengths or durations it is possible to refocus selective coher-
ence orders, while unwanted coherences are dephased. Simple examples
are shown in Figure 1.18 for double-quantum and triple-quantum-filtered
COSY sequences.
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Figure 1.18 Pulse sequences for double quantum filtered (DQF) and triple quan-
tum filtered (TQF) magnitude COSY spectra. The sequence of RF pulses
is identical for both experiments. In the DQF experiment, the double
quantum coherence created by the second 90° pulse is dephased by
gradient G4 and the detected single quantum coherence is rephased
by gradient G,. If G, = 2G4, then DQ coherence only is refocused, if
G, = 3G4 then TQ coherence only is refocused.

1.8.3 Measurements of Apparent Diffusion Coefficients Using
Gradients

The phase evolution of transverse magnetization when a gradient is applied
can also be used to measure the molecular diffusion coefficient of a sample.
The most common sequence used for this purpose is the Stejskal-Tanner
spin-echo, or variations thereof, shown in Figure 1.19.

The phase accumulation during the first gradient is given by:

¢.=7[G,2dt =7G,25 (1.29)

The 180° pulse refocuses B, inhomogeneities and chemical shift effects.
If the diffusion coefficient of the sample is zero, then there is an equal and
opposite phase accumulation produced by the gradient applied after the 180°
pulse, and the effects of phase accumulation are completely rephased, the
signal simply being attenuated by T, relaxation. However, if there is indeed a
physical displacement of the molecules, i.e. diffusion, during the time inter-
val between the two gradient pulses, then the two phase accumulations are
not equal and the signal amplitude is attenuated. The faster the diffusion
coefficient (D) the greater the signal attenuation. In the “short-pulse limit”,
i.e. when 6 << A, the signal intensity is given by:

S(G,) = 5(G, = 0)e "I = §(G, = 0)e P (1.30)
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Figure 1.19 The Stejskal-Tanner spin-echo experiment used to measure the appar-
ent diffusion coefficient (D) of a sample. The value of D can be calcu-
lated from a plot of the measured signal intensities as a function of
the applied gradient strength for a series of different gradient values.

where the b-factor is defined as:

b =7"G*6*(A— 5/3) (1.31)

By repeating the sequence with a set of different b-values, usually via dif-
ferent values of the diffusion-encoding gradient, the resulting signal ampli-
tudes can be fitted to eqn (1.30) to determine the value of D. In addition to
measuring diffusion in homogeneous liquid samples, diffusion weighting
can be used in high-resolution NMR>"*? to filter out signals with a very fast
diffusion coefficient, for example the water signal in a protein solution. Dif-
fusion encoding sequences are very widely used in MRI in the areas of diffu-
sion weighted imaging (DWI),'®? diffusion tensor imaging (DTI),** diffusion
kurtosis imaging (DKI),>>*° and fiber tractography.”’

1.8.4 Gradient-Based Shimming

As outlined in Section 1.7, maximizing the magnetic field homogeneity for
each sample involves B, shimming, i.e. optimizing the currents through each
of the individual shim coils. This is a time-consuming process that is not
ideal to perform manually, for example, for in vivo experiments. Rather than
manual optimization, the process can be automated and speeded up by the
use of gradients using a pulse sequence, such as the one shown in Figure
1.20(a), which measures the magnetic field inhomogeneity, AB,(z) as:

AB,(z)= » A9(z) (1.32)

(TE, -TE,)

where A¢ is the spatially dependent phase difference between the measured
projections shown in Figure 1.20(a). In terms of the shim settings, the resid-
ual magnetic field AB,.,(z) can be defined as:

ABres(z)zABo(z)—chSj (2) (1.33)
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(a)

90 TE, (b)

Figure 1.20 Schematic of the processes involved in gradient-based shimming. (a)
One dimensional gradient projections of the sample are obtained for
two different echo times, TE, and TE,. (b) The difference in the phases
(Ag) between the two projections is calculated and scaled to give the B,
inhomogeneity (AB,) as a function of z-position. (¢) Knowing the mag-
netic field profiles of each of the shim coils, a least-square fitting rou-
tine is implemented to calculate the currents through each of the shim
coils which best compensates for the measured B, inhomogeneity.

where S(z) is the magnetic field distribution of shim j, and ¢; represents the
corresponding weighting function. This residual is minimized by calculat-
ing the values of the coefficients ¢; (i.e. the currents through each shim coil),
which is normally performed in a least-squares sense over the entire one-
dimensional z-projection:

ABres (Zk )2

N,
Min{z
k=1

} (1.34)

where N, is the number of data points acquired in the z-projection.

1.8.5 Gradients in MRI

In MRI three orthogonal sets of gradients are used to spatially encode the x, y
and z dimensions of the sample. Each of these gradients is designed to provide
a linear variation of magnetic field as a function of spatial dimension, i.e.:

B, _g B _g % _g (1.35)
0z ox oy ?
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The process of image formation is covered in more detail in Section 1.11
later in this chapter. For human MRI applications, typical gradient strengths
of 60-70 mT m™ are used, with some specialized gradients going up to
300 mT m'.***° High gradient values can also be produced by reduced
diameter “head-only insert” gradient coils. MRI is also extensively used in
pre-clinical animal imaging systems, and also for microimaging experiments
on samples as small as single cells.

1.9 The Deuterium Lock Channel and Field
Monitoring

Although the static magnetic field is extremely stable over time, every mag-
net displays small frequency “drifts” that are typically of the order of 1-10
Hz per hour. Since many NMR experiments require data acquisition times on
the order of hours or even days, it is essential to compensate in real-time for
this field drift. If not corrected, then spectral linewidths are broadened, and
artifacts can appear in the spectrum.

In high-resolution liquid-state NMR, this correction is performed using a
deuterium “lock channel”. One channel of one of the RF coils in the NMR
probe is tuned to the deuterium (*H) resonance frequency. The sample is
dissolved in a fully or partially deuterated solvent (e.g. D,0, CDCl;, or C¢Dy).
Deuterium is a quadrupolar nucleus with a very short T, value, and so the
signal can be pulsed and sampled effectively continuously. The imaginary
“dispersive” component of the deuterium spectrum is monitored, as shown
in Figure 1.21(a). Changes in the static magnetic field produce a shift in the
dispersive spectrum, which is analyzed to define an error signal, as shown
in Figure 1.21(a). This error signal forms the input to a negative feedback
loop, which controls the current applied to the Z, shim coil. This coil is a
long solenoid, which produces a uniform magnetic field which can add or
subtract from the main B field. Since the deuterium signal can be quite noisy
(owing to the low power used for pulse transmission, the low gamma of the
deuterium nucleus, and the low sensitivity of the deuterium channel of the
RF coil), the deuterium signal is averaged over many hundreds or thousands
of samples so that the current in the Z; shim is only updated slowly. The neg-
ative feedback loop is designed such that it integrates the deuterium signals
over a long period of time, and thus has a very slow time-constant. The lock
channel effectively forms a separate simple “spectrometer”, linked by a cen-
tral clock/master oscillator to the rest of the data acquisition system.

The lock-channel can also be used to monitor the static field homogeneity
during shimming. The better the homogeneity the sharper the deuterium
line shape and the higher its amplitude. This system is still present on many
high-resolution NMR systems but gradient-based shimming, as described in
Section 1.8.4, is increasingly being used.

For mostinvivo MRIand MRS experiments there are notas stringent require-
ments for the stability of the magnetic field as there are in high-resolution
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Figure 1.21 Schematic of the operation of the deuterium-based frequency lock on
a high-resolution NMR system. (a) A drift in the magnetic field shifts
the deuterium resonance to a higher or lower frequency. The disper-
sive line shape is monitored and a corresponding positive or negative
“error” signal recorded as the signal intensity at zero frequency in the
rotating reference frame. (b) This error signal is integrated over time
and, via a negative feedback loop, alters the current (AI) fed into the Z,
shim coil to correct for the magnetic field drift.

NMR. Experiments typically do not take as long, spectral linewidths in vivo
are much wider owing to the intrinsic inhomogeneity of biological tissue,
and imaging per se is much more robust with respect to small frequency
drifts than spectroscopy. Therefore, in MRI systems there is no need for a
separate lock channel. However, in MRI there are other mechanisms that can
lead to drifts in the magnetic field. In sequences requiring rapid switching
of the gradients, significant temperature changes can occur in the gradient
coil, which in turn can heat components such as the passive iron shims and
field booster rings. These thermal disturbances change the magnetic suscep-
tibility of the component iron, and hence cause a change in the magnetic
field. Changes owing to gradient heating are relatively slow owing to the large
heat capacity of the physical former on which the gradient coils are wound,
and the large mass of the structure, and so monitoring does not have to be
continuous but can be interspersed between scans using very low tip angle
spectroscopic measurements of the water resonance frequency, since it is the
dominant species for in vivo measurements. Based on these measurements,
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Figure 1.22 A photograph of a commercial field-monitoring system using a series
of microcoils (encased in black plastic), tuned to the fluorine reso-
nance, with a fluorinated sample inside. By continuous measurement
of the phase of the fluorine MR signal, spatial and temporal variations
in the magnetic field can be measured and corrected either in real-
time or in signal post-processing.

rather than changing the magnetic field itself as described for the deuterium
lock, the system simply alters the frequencies of the transmitter and receiver.
Although this type of monitoring can be used to compensate for global
changes in the magnetic field, it cannot correct for spatially dependent
changes, which, in addition to gradient heating, can be caused by many other
factors, such as patient motion. Correcting for spatially dependent changes
in the magnetic field clearly requires spatially dependent measurements.
These can be implemented, for example, using multiple small microcoil
probes that contain a fluorinated liquid and, similarly to the deuterium lock
channel on a high-resolution NMR system, form a separate but linked MR
spectrometer.®® The use of multiple fluorinated probes, shown in Figure 1.22,
allows the extraction of spatial variations in the main magnetic field, and the
ability to apply real-time corrections to compensate for these fluctuations.

1.10 Magic Angle Spinning Solid-State NMR:
Principles and Instrumental Requirements

NMR spectra of liquid samples consist of a series of very sharp resonances,
owing to the averaging of anisotropic NMR interactions by rapid random
tumbling, resulting in very long T, values, typically hundreds of millisec-
onds. In contrast, NMR spectra of solid or rigid samples are very broad, since
anisotropic and orientation-dependent interactions are not averaged: an
example is shown in Figure 1.23(a). The two most important interactions

620z AeIN | uo 1senb Aq 4pd-10000-565£29282 | 826)0/6 1 G8ES | /4pd-1e1deyo/awn|on-pelpe/sx00q/610-0s1'$000)/:dRYy Woly peapeojumoq



The Principles of Magnetic Resonance, and Associated Hardware 29

(b) ()

I|qU|d state
spin decoupling
lock
solid state ﬁ
54.7° 13C -l

Figure 1.23 (a) Schematics of the respective spectra for °C in the liquid and solid
states. (b) Spinning the sample at the magic angle (54.7°) with respect
to B, is used to reduce the effect of dipolar coupling and chemical shift
anisotropy. (c) A pulse sequence used for heteronuclear solid-state
spectroscopy involving cross-polarization and high-power proton
decoupling.

200 ppm

that produce broad linewidths in solids are dipolar coupling and chemical
shielding, with the dipolar term being dominant especially at low magnetic
fields.

Dipolar coupling results from the interaction of one nuclear spin with the
magnetic field generated by a second nuclear spin, and vice versa. Dipolar
coupling represents a direct through-space interaction, the magnitude of
which is given by:

DD _ﬂ_oh YJyk

T an <rjk>3

where RJ-I,ZD is the dipolar coupling between two spins j and k, and ry is the
distance between the spins.

Chemical shielding is related to the chemical shift outlined earlier for lig-
uid samples, and is an anisotropic interaction characterized by a shielding
tensor. Anisotropy in the chemical shift leads to broadening of the spectral
lines. For molecules which are spatially symmetric in three-dimensions the
chemical shift anisotropy (CSA) is very small. For non-symmetric molecules,
the CSA is larger, and linewidths correspondingly wider.

Both dipolar coupling and chemical shielding have an angular depen-
dence with respect to B,, containing multiplicative terms (3 cos*6 — 1),
where 6 is the angle between a line connecting the two nuclei and B, for the
dipolar coupling, and between the direction with the largest deshielding

(1.36)
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and B, for the chemical shift term. One can therefore effectively average out
these components by rotating the sample very rapidly at an angle of 54.74°
with respect to B, such that 3 cos? @ — 1 =0, a technique termed magic-angle
spinning (MAS),*" illustrated in Figure 1.23(b). For full averaging the rate
of spinning must be greater than the anisotropic interaction. State-of-the-
art microprobes are able to spin at a rate of 111 kHz.?> For regular-sized
samples, typical diameter/spinning speeds are 1.3 mm diameter/65 kHz,
2.5 mm/35 kHz, 3.2 mm/23 kHz, 4 mm/8 kHz, and 7 mm/4 kHz. Since pro-
ton dipole-dipole coupling constants can be much greater than 100 kHz,
full averaging is rarely achieved and MAS is often combined with multi-
ple-pulse sequences, which also reduce the effects of dipolar coupling,
based on concepts originally developed as WAHUHA?*® or MREV-8.%*3°
The combination of MAS with multiple-pulse sequences is called CRAMPS
(Combined Rotation and Multiple-Pulse Sequence) and requires high-
power amplifiers, short RF times, and fast switching between the transmit
and receive mode.

For dilute spin-1/2 nuclei, such as *C, the homonuclear (**C-"°C) dipo-
lar coupling is insignificant owing to its low occurrence. The 'H-"*C het-
eronuclear dipolar coupling can be minimized with high-power proton
decoupling,*~® as shown in Figure 1.23(c). The sensitivity of this type of
experiment can be increased using cross-polarization (CP)*” techniques,
which involve polarization transfer from 'H to "*C. Efficient CP requires
that the precessional frequencies in the rotating frame are the same for
protons and carbon, i.e.:

YeBic = ruBin (1.37)

This requirement implies that the B; fields must be spatially homogeneous
at both frequencies, and as discussed in Chapter 3 this requires that the coils
be very well balanced, which is challenging, particularly at very high frequen-
cies. Cross-polarization is generally combined with relatively low-speed MAS
(5 to 15 kHz) in a combined approach known as CP-MAS.

In a similar fashion to that described previously for liquid-state NMR, gra-
dient coils can be incorporated into the probe in order to perform coherence
pathway selection in multiple quantum solid-state experiments. In this case,
the gradients must be oriented along the magic angle.***°

The instrumental requirements corresponding to the types of experiments
outlined above include:

(i) The ability to spin the sample extremely rapidly with a high degree of
mechanical precision.
(ii) Very short (~1 pus), high-power RF pulses must be applied, which place
high degrees of demand on the RF amplifiers and components in the
RF probe.
(iii) The RF fields for different nuclei must be spatially very well matched
and homogeneous for efficient cross-polarization.
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(iv) Isolation between the receive chains of the different nuclei, as well as
between transmit and receive chains, must be very high since high-
power decoupling may be applied during data acquisition.

(v) Magic angle gradients and associated gradient amplifiers must be
capable of producing gradient pulses with durations below 100 ps and
strengths of 500 mT m™.

1.11 Magnetic Resonance Imaging: Principles and
Instrumental Requirements

In MRI there are a large number of different imaging sequences, which can
be used for structural imaging, functional imaging, magnetic resonance
angiography, and diffusion-weighted imaging, to name only a few."> Two
generic sequences, or “building-blocks”, are shown in Figure 1.24, namely a
gradient-echo and spin-echo sequence.

In the sequences shown in Figure 1.24 there are three “processes” used
to produce the two-dimensional image. First, slice-selection uses a frequen-
cy-selective RF pulse applied simultaneously with a magnetic field gradient,
denoted by Gy If the selective RF pulse, with an excitation bandwidth of
tAw,, is applied at a frequency o, then protons precessing at frequencies
between o, + A, and o, — Aw, are rotated from the z-axis into the transverse
plane, whereas protons with precession frequencies outside this range do
not experience the RF pulse, as shown in Figure 1.25(a). By changing the cen-
tre frequency (o) of the RF pulse, the slice can be centred at different parts
of the sample. As indicated in Figure 1.25(b), the thickness of the slice can be
decreased by using a larger gradient strength or a longer duration RF pulse
that has a smaller frequency bandwidth.

(@) (b)

TR . R .
. TE g o TE__,
RF ;90 | M }f O |
; : RF ! ’
S - |
Gsl»ce‘é__l_L,i i GS'i*ILI_I_\— 5
Gphase§ f Gphasei ?E i
—a8— —B |
Glreqf—\_"—L G{req : 1 1
ADC ADC 1111
t.. N;data points --* N, N, data points - N

pe

Figure 1.24 (a) Generic two-dimensional gradient-echo imaging sequence. The
sequence is repeated N, times, with the phase encoding gradient
being incremented from its maximum negative value to its maxi-
mum positive value. (b) Corresponding generic spin-echo imaging
sequence. TR represents the repetition time and TE the echo time.
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Figure 1.25 The principle of slice selection in MRI. (a) By applying a frequency-se-
lective RF pulse in combination with a gradient, only the nuclei within
a thin “slice” experience the RF pulse and are rotated from the longi-
tudinal axis (blue) into the transverse plane (red). (b) The thickness
of the slice can be controlled by the strength of the gradient and the
bandwidth of the RF pulse.

Having selected a slice, a phase encoding gradient is applied to encode
an orthogonal direction via the phase of the signal. After the phase encod-
ing gradient has been switched off, the frequency-encoding gradient (G,)
is turned on and data acquisition begins. N; data points are sampled while
the frequency encoding gradient is on, after which a relaxation delay (TR)
occurs before the sequence is repeated using the next incremented value of
the phase-encoding gradient. A total of N,. phase encoding gradients are
used, resulting in a total imaging time of TR X N..

Assigning the G, gradient to phase encoding, and G, to frequency encod-
ing, the combined effect of the phase-encoding and frequency-encoding gra-
dients gives a signal:

S<Gy’Tpe ’Gx’t) * -[slice slice p(x’y)e‘jycxﬂe_”nyTPf dx dy (138)

where 7,, is the time for which the phase encoding gradient is applied. Two
variables k, and k, can be defined as:*>*'

y y
k,=—Gtk =—G,r (1.39)
“om YV om VP

and eqn (1.38) can be re-expressed as:
S(lcx,ky ) oc j . p(x,y)e eV dx dy (1.40)

The N x N, data matrix can be visualized as a two-dimensional dataset as a
function of k, and k,, commonly referred to as the k-space domain. Consider
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Figure 1.26 (a) Data for MRI are acquired in “k-space”, with a Cartesian grid shown
in this case. (b) The image is reconstruced by a two-dimensional
inverse Fourier transform of the k-space data.

the N, data points collected when the maximum negative value of the phase-
encoding gradient, G,, is applied. From eqn (1.39) the value of k, for all N,
data points corresponds to its maximum negative value. When the frequency-
encoding gradient is switched on, the first data point collected corresponds to
the maximum negative value of k, due to the negative dephasing lobe shown in
Figure 1.24(a), the second data point to a slightly more positive value of k, and
so forth, and so the N;data points correspond to one “line” in k-space, shown
as line 1 in Figure 1.26(a). The second line in k-space corresponds to the next
value of the phase-encoding gradient, and so on. The spacing between the
k-space points is inversely proportional to the respective spatial dimensions,
or fields-of-view (FOV), in the image: Ak, = 1/FOV,, Ak, = 1/FOV,.

A two-dimensional inverse Fourier transform of the k-space data S(k,, k)
gives p(x,y), which is the MR image, as shown in Figure 1.26(b). MR images
are conventionally represented as the magnitude of p(x,y).

pley)e [* [ s(k b, )e 5 dr, dk, (1.41)

The signal intensity in each voxel of the image depends on the tissue relax-
ation times as well as the proton density. In terms of the MR relaxation times,
for an axial image acquired using slice-selection in the z-direction, the image
intensity of each voxel, I(x,y), is given by:

_IR

T .
1-e ' |slha o
e "

TR €
1-e "cosa

I(x,y) < p(x,y (1.42)

where p(x,y) is the “proton density” and the tip angle of the RF pulse in
the gradient echo sequence is a°. The degree of T,-weighting of the image
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is determined by the respective values of the tissue T, and the chosen TR
interval between repeated phase-encoding steps: if TR << T then there is no
weighting, whereas if TR = T, then the image intensity is weighted by differ-
ent tissue T, relaxation times. Similarly, the situation of TE ~ T, introduces
T,-weighting into the image.

Although eqn (1.42) indicates that the SNR is maximized using a value of
a =90°, this case would require a long value of TR to allow full 7, relaxation
to occur, and as a result an impractically long data acquisition time for clini-
cal applications. In order to image more rapidly, the value of a is reduced to
a value considerably smaller than 90°. For a given value of TR, the value of
a that maximizes the signal intensity is given by:

TR

Qe =COS '€ 1 (1.43)

Ernst

For example, if TR is reduced to 0.05 T, then the optimum value of a is
8°. Using these parameters, images can be acquired in a few tens of seconds.

Gradient-echo sequences allow very rapid image acquisition. The major
disadvantage is that they are weighted by tissue T, values, which are typically
much shorter than 7, in vivo. In order to introduce pure T,-contrast into the
image a spin-echo sequence can be used, as shown in Figure 1.24(b). The spa-
tial encoding principles are exactly the same as for the gradient echo image,
but now the intensity is weighed by the T, rather than 7} value:

I(x,y)ocp(x,y)(l—e_%}e_;_f (1.44)

As mentioned previously there are very many types of MRI sequences.
Common instrumental requirements include:

1. RF coils and RF amplifiers must be able to handle/provide up to 30-60 kW
of power, with duty cycles up to ~20%. The pulses are both amplitude and
phase modulated, with strict requirements for the reproducibility. The
amplifiers must be linear over a large range of signal inputs/outputs.

2. For rapid imaging sequences such as echo planar imaging, gradient
switching rates in the hundreds of hertz to kilohertz may be necessary.
In this case, one also needs to consider peripheral nerve stimulation
(PNS), which can occur when the dB/d¢ is on the order of 50-100 T s™".

3. Data acquisition involves much higher bandwidths than for spectro-
scopic experiments: fast imaging sequences may have bandwidths up
to 1 MHz for very high gradient strengths.

4. The amount of streaming data is very high: a commercial 32-channel
receive array may acquire data essentially continuously over 20 min-
utes, representing several gigabytes of data that has to be processed in
real-time for clinical evaluation.
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Appendices

As seen in this first chapter, the hardware components of the MR system share
many geometric properties and design goals. A cylindrical geometry is inherent
in superconducting magnet design, RF volume coils, shim coils and gradient
coils. Maximizing the homogeneity of the magnetic field is critical for supercon-
ducting magnet and RF coil design; producing a linear spatial variation in mag-
netic field is key for gradient coil design; and well-defined higher-order spatial
distributions of the magnetic field are required for shim coil design. The basis
for each of these component is a set of current-carrying electrical conductors.
Despite the fact that the operating frequencies of these different components
are quite different (DC for magnets and shim coils, tens to hundreds of kHz for
gradients, and tens to hundreds of MHz for RF coils), there are common math-
ematical tools that can be used to produce the desired magnetic field distribu-
tions. Two of the most common formalisms, namely the Biot-Savart law and
spherical harmonic decomposition, together with specific examples of their use,
are described in these two appendices. These models are further refined, and
more sophisticated examples given, in several of the chapters later in the book.

Appendix A. Maxwell’s Equations and the Biot-Savart
Law

The fundamental bases for calculating both magnetic and electric fields are
termed Maxwell’s equations, listed in eqn (1.45-1.48).

VeE= &(Gauss’ law) (1.45)
€
V + H =0(Gauss’ law for magnetism) (1.46)
OH
VXE=- E(Faraday’s law) (1.47)
OE
VxH =]+85(Ampere’s law) (1.48)

where p, is the electric charge density, ¢ the permittivity, 4 the permeability,
H the magnetic field, E the electric field, and J the electric current density.
The operators on the left of eqn (1.45) and (1.46) represent divergence, and
those in eqn (1.47) and (1.48) represent curl operators. In physical terms, the
divergence of a vector field describes the degree to which it behaves as either
a source or a sink at a given point. If the divergence is non-zero at some point
then there must be a source or sink at that position: in contrast, if the diver-
gence is zero then it indicates that there is neither. The curl operators on the
left of eqn (1.47) and (1.48) represent the spatial-variation of the electric and
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Figure 1.27 Examples of (a) a current-carrying straight wire and (b) a current-car-
rying circular wire-loop, for calculation of magnetic fields using the
Biot-Savart law.

magnetic fields, which are coupled to the time-variation of the magnetic and
electric fields on the right hand side. In other words, as an electric field prop-
agates throughout the sample it gives rise to a time-varying magnetic field.
This magnetic field, which varies as a function of space, in turn gives rise to
a time-varying electric field. Eqn (1.47) and (1.48) show that magnetic and
electric fields are intrinsically coupled.

Designs for magnets, gradient coils, shim coils or RF coils can be formu-
lated by simplifying Maxwell’s equations under conditions known as “quasi-
static”, which corresponds to being able to neglect any effects of the finite
wavelength of the EM wave within the sample. In this case, the magnetic
field can be estimated quite accurately by the Biot-Savart law, which can be
derived directly from Maxwell’s equations. The Biot-Savart law describes the
magnetic field (dB) at a point P distance r from the wire, produced by a cur-
rent I flowing through a small section (ds) of wire. The value of dB is given by:

(1.49)

where g, is the permeability of free space, equal to 1.257 x 10°® T m A™".
Two very simple examples are given below, a straight wire and a circular loop,
both shown in Figure 1.27.

Example A1. Magnetic Field Produced by a Straight Wire

In Figure 1.27(a), the value of dB for a straight wire can be calculated by sim-
ple trigonometry:

N 2
dé:f—ﬂz[ﬂ] sinOdx (1.50)
T a
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The total magnetic field produced by the current in the infinitely long wire
is then simply given by the integral of this expression:

B:ﬂ—‘JI"—sinﬁdezﬂ—‘J (1.51)
4na o 2na

The result shows that the magnetic field decreases as the inverse of dis-
tance from the wire.

Example A2. Magnetic Field Produced by a Circular Wire Loop

Consider a loop of wire with radius a, shown in Figure 1.27(b). If one con-
siders the field produced along the central axis of the loop, there is only one
non-zero component of the magnetic field, which is oriented along the z-di-
rection and is given by:

B o J&I

z

(1.52)

3/2

2(22 +a2)

So at the centre of the loop, the magnetic field is given by gy/2a, i.e. the
smaller the wire loop the higher the magnetic field produced per unit cur-
rent. Along the central axis of the coil, i.e. along the z-axis, the magnetic field
decreases approximately exponentially with distance.

The off-axis magnetic fields can also be calculated analytically, but are
more complicated. They are given (in polar coordinates) by:

B,:’u"l z 1{c12+r22+zzzE(k)_K(k)}

2m r[(a+r)z+zz]; (a-r)+z
B,=0 (1.53)
Bt T { oz E(k)ﬂ((k)}

2n r[(a+r)2+zz}5 (a-r)+z

where E and K are complete elliptical integrals of the second and first kinds,
respectively, and k is defined as:

4ar
S P (1.54)

Using these analytical results, designs using circular loops in particular
can be optimized in terms of producing the desired spatial distribution of the
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magnetic field. The following two examples show the application in design-
ing a linear magnetic field gradient and a homogeneous magnetic field, both
with a simple two-loop arrangement.

Example A3. Design of a Two-Loop Coil Geometry to Produce a
Linear z-Gradient

The simplest configuration for a coil producing a gradient in the z-direction
is a “Maxwell pair”, shown in Figure 1.28(a), which consists of two separate
loops of multiple turns of wire, each loop containing equal currents, I, flow-
ing in opposite directions. In order to estimate the distance between the two
loops that maximizes the linearity of the gradient, the value of B, is first cal-
culated using eqn (1.52):

2 2
B, = #ola - #la (1.55)

2[(41/2—2)2 JrczzT5 2[((1/2 + 2)2 JrczZT5

where 4, is the permeability of free space and a is the radius of the gradient
set. By applying a Taylor series expansion, and noting that by symmetry the
first two differentiable terms are zero, the first term that can give a non-linear
contribution is the third derivative, given by:

d’B, _154,1a’ [4(d/2—z)3 -3(dj2-z)d’ . 4(d/2+z)3 -3(dj2+z)d’
dz’ 2 t [(d/z—z)2 +az]9/2 [(d/2+z)2 +a2:|9/2

(1.56)

(@) (b)
2a 2a
I — “—>
> S
T T
dconstant dgradient

S N
| |

Figure 1.28 Physical arrangements of wire loops for (a) a linear gradient and
(b) a constant homogeneous field. The values of dy,diene AN deongtane aT€
derived in terms of the coil radius a in examples A3 and A4.
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This term becomes zero at a value of d = av3. The magnetic field produced
by this gradient coil is zero at the centre of the coil, and is linearly dependent
upon position in the z-direction over about one-third of the separation of
the two loops. The region over which the gradient is linear can be extended
by adding other sets of coils in the axial dimension, as covered later in more
detail in Chapters 2 and 4.

Example A4. Design of a Two-Loop Coil Geometry to Produce a
Homogeneous Magnetic Field

Using the same arrangement as before, except with the currents now flowing
in the same direction shown in Figure 1.28(b), the first-order term in the
Taylor expansion is zero, and so the first perturbation arises from the second
order term, which should therefore be set to zero, i.e.:

z=0 (1.57)

Combining eqn (1.55) and (1.57) gives the optimum value of the distance
between the coils equal to the radius of each coil. In this case the magnetic
field at the centre of the coil is given by:

3/2
B, :(i) Sk (1.58)
5 a

Appendix B. Spherical Harmonic Representation of
Magnetic Fields

As seen in Appendix A, the Biot-Savart law is an effective method for optimizing
the design of simple geometries in terms of their behaviour on-axis. However, it
becomes much more cumbersome to use when one needs to consider off-axis
terms. In this case, a very widely used formalism is to represent magnetic fields
in terms of spherical harmonics, as described in a simplified form below.

Visual Description

The starting point is to consider the magnetic field within a sphere of a cer-
tain diameter positioned at the centre of the magnet. If the aim is to pro-
duce a homogeneous magnetic field then one can clearly define the desired
field by a single vector term B, with fixed amplitude and direction within
the sphere. As will be seen in Chapter 2, this is not possible to achieve in
practice (theoretically one can achieve this only by passing current through
an infinitely long solenoid) and there will be spatial perturbations in the
magnetic field. As in many other areas of engineering one can define these
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perturbations in terms of increasing orders, i.e. first-order, second-order etc.
In the case of spherical harmonics, there are three first order perturbations,
five second order, seven third order, and so on. Within each order, there are
anumber of degrees, e.g. five degrees within the second order, seven degrees
within the third order etc. The order is given the symbol n, and the degree
the symbol m. The zero order term (m = 0, n = 0) represents a homogeneous
magnetic field. The three first order (n = 1) perturbations correspond to lin-
ear variations in magnetic field, with the three orthogonal directions obvi-
ously being x, y and z. The degree (m) of the perturbation corresponds to the
particular direction, with m = +1 being x, m = 0 being z, and m = —1 being y.
The five second order terms (n = 2) correspond to m = +2, +1, 0, —1 and —2.
Figure 1.29 shows the spatial distributions of the zero, first and second order
spherical harmonics.

If one considers only the terms with m = 0, one can see that these are rota-
tionally invariant with respect to the z-axis: these are called zonal harmonics.
Considering the spheres to have longitudinal and latitudinal axes, analogous
to a globe, there are 2|m| zeroes in the longitudinal axis and n — |m| zeroes
in the latitudinal one.

Mathematical Description of Spherical Harmonics

Starting from Gauss’ law of magnetism and Ampere’s law, eqn (1.47) and
(1.48), one can derive a very useful equation, which is referred to as Laplace’s
equation.

V’B,=V’B,=V’B, =0 (1.59)

m=+2 m=+1 m=0 m=-1 m=-2

n=0 i Zonal harmonics

| Rotationally invariant T<y

Figure 1.29 Visual representation of lower order spherical harmonics.
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where the differential Laplacian operator is defined as:
, 08 &
=2 t> 272
ox~ Oy Oz

(1.60)

In the case of an MR magnet, the magnetic field is aligned along one axis
(the z-axis), and so one can simplify the equation to give:

V’B, =0 (1.61)

This equation is often solved in cylindrical coordinates (the derivation
is long and complicated and covered in many textbooks so is not repeated
here), shown in Figure 1.30, where 6 and ¢ are the polar and azimuthal
angles, respectively, and r is the radius.

The solution to Laplace’s equation results in a magnetic field B(r, 9, ¢)
which can be described by an expansion of orthogonal spherical harmonic
functions Y, and coefficients C,, .

B(r,0.0)=3 3 C,pr"¥n(0,0) (1.62)

n=0m=-n

where 7 is the order and m the degree, as outlined in the previous section.
Spherical harmonic functions are defined on the surface of a sphere, and are
given by:

Y, .(0,¢)=C,,r"P,, (cos@)cos(mp—¢,,) (1.63)

where C, ,, and ¢, ,, are constants (¢,, = 0 for m > 0 and 7/2 for m < 0), and
P,,.(cos6) are polynomial functions known as Legendre polynomial functions

(r,6,9)
[ 4

/,

X

Figure 1.30 Cylindrical axis used for the description of spherical harmonic
functions.
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for m = 0, and associated Legendre polynomial functions for m # 0. Legendre
polynomial functions can be calculated from:

P (x) 1 & [(x2—1)"J (1.64)

S 2'nldx"

and associated Legendre polynomials via:

m/2 dm

dx™

[P, (x)] (1.65)

Bl (x)=(-1)"(1-x")

Combining eqn (1.62) and (1.63), the magnetic field can be expressed as:

B(r0.4)=3 > C, 1", ,(cos0)cos(mp—9,,) (1.66)

n=0m=-n

Table 1.2 gives the mathematical values of the lower order spherical har-
monics that correspond to those shown in Figure 1.29.

To relate this mathematical description to the visual one presented earlier,
one can consider a number of simple cases:

(i) All caseswith m =0.From eqn (1.66) the magnetic field is independent
of ¢, i.e. it is rotationally invariant around the z-axis. For the particular
case that n = 0, m = 0, the magnetic field is constant. When m = 0, the
remaining Legendre polynomials are referred to as zonal harmonics,
and give rise to what is termed a zonal magnetic field.

B, yona =C,1"B,(c0s0) (1.67)
If =0, i.e. along the z-axis:
B,=C,z"P,(1)=C,z2" (1.68)

Since P,(1) = 1, this can be expanded to give:

B,=C,+C,z+C,2" +C,2°... (1.69)

Table 1.2 Legendre and associated Legendre functions P, ,,(cos 6).

Py (cosb)
1
P, (cos0) P, o(cosb) P, _(cosb)
sin6 cos O sin®
P,,(cos8)  P,,(cosd) P, o(cosb) P, _4(cosb) P, _,(cos0)

3sin®0 3sin0cos0 1/2(3cos’0 - 1) 3sin0cos0 3sin’0
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This expression is very useful in determining parameters in, for example,
gradient coil design as covered in the examples at the end of this Appendix.

(ii) When m # 0, the magnetic field around the z axis “oscillates” with a
frequency m¢ and initial phase ¢, ,.. For the case that m = +1, the field
around the circumference should exhibit one cycle, and for m = -1
also for one cycle but with a n/2 phase shift in the origin of the cycle.
Similarly for m = +2 and —2, there are two cycles circumferentially, as
seen in Figure 1.29. Spherical harmonics with m # 0 are referred to as
tesseral harmonics.

(iii) For n=+1 and m = 0 the function is rotationally invariant, and there is
one cycle as a function of 6.

(iv) For n=1, m=+1 the number of zeros as a function of 8 is zero. These
correspond to what are termed as sectoral harmonics, corresponding
to the case n = |m|. Since |m| = 1 then there is one cycle around the
circumference.

Having given a mathematical description of spherical harmonics, the final
step is to show how these can be used in very simple examples of generating
specific spatial distributions of the magnetic field. The first two cases are
identical to those solved in Appendix A to show the correspondence between
the two techniques.

Example B1. Generation of a Homogeneous Magnetic Field

The basic building block to generate zonal harmonics is a current loop with
its central axis lying along the z-direction. A declination angle « is defined
with respect to a central point z = 0 as shown in Figure 1.31.

(a) (b)
2a 2a
S E—— S E—
> >
T T
\\od \\(x
dconstant dgradient 3

— <

Figure 1.31 Two wire loops producing (a) a constant homogeneous field and
(b) a linear gradient. In this case, the declination angle « is solved for
using a spherical harmonic approach.
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The magnetic field in terms of zonal harmonics is given by:

N NS AN
B, = — P
= ;(aj sinaP,,, ,(cosa) (1.70)

If a second loop is placed symmetrically about z = 0, then one can use the
fact that:

P, [cos(n—a)|=(-1)"P,,, [cosa} (1.71)

and if equal currents are applied in the same direction in each loop, then
eqn (1.71) means that all the odd zonal terms in z, 2%, 2° etc. are cancelled out,
leaving the desired term (i.e. the homogeneous magnetic field) in z° and the
first terms that must be cancelled are in z*. From eqn (1.70) the contribution
is determined by the value of P, ,(cosa). Using Table 1.2, this value is zero
when 5cos’a — 1 = 0, from which a = 63° and d,y,gan: = @, €. the separation
is equal to the radius, the same value (fortunately!) as derived in example A1.

Example B2. Generating a Linear Magnetic Field Gradient in z

Consider the same two loops of wire; if the currents in the two loops are now
equal and opposite, then even orders cancel, i.e. z> = z* = 2° = 0. Therefore, the
first term that needs to be set to zero is the third order one. From Table 1.2,
P,; contains a term in (7 cos® 6 — 3 cos §), which is equal to zero for 6 = 49.1°.
This corresponds to a separation given by 1.73 times the radius.

Example B3. Generating a Linear Magnetic Field Gradient in x or y

As can be appreciated from Figure 1.29, generating a magnetic field gradient
in either the x- or y-direction involves spherical harmonics withn=1, m =+1,
and since m # 0 these involve tesseral harmonics rather than zonal harmon-
ics. Unlike zonal harmonics, tesseral harmonics cannot be generated by a
current loop, but can be generated instead using arcs of current, as shown in
Figure 1.32(a). As shown by Romeo and Hoult,** the magnetic field produced
by such an arc is given by:

n

leiicmm #Pn’m(cose)cos(mq&—my/)dw (1.72)

n=0m=0

where dy represents the azimuthal width of the arc. In this case the constant
terms C, ,, contain two associated Legendre polynomials. As was shown pre-
viously for rings, if two arcs are placed 180° apart with current flowing in
opposite directions, then the even degrees cancel out, as shown in Figure
1.32(a). So, with respect to the degree n there are terms in B, y, By3, B;; etc. and

620z AeIN | uo 1senb Aq 4pd-10000-565£29282 | 826)0/6 1 G8ES | /4pd-1e1deyo/awn|on-pelpe/sx00q/610-0s1'$000)/:dRYy Woly peapeojumoq



The Principles of Magnetic Resonance, and Associated Hardware 45

(a) (b) (c)

o
-~ < 1200 \

120 \4/ ' 5
& %

Figure 1.32 (a) An arc of current produces tesseral spherical harmonics. Two arcs
placed 180° apart cancel out even degrees of these harmonics (note that
the arcs are shown as not being physically connected). The angle 120°
is chosen to cancel the B;; term. (b) By adding additional arcs symmet-
rically about the z = 0 plane, even orders are cancelled. (c) Physical real-
ization of the gradient coil involves connecting the individual arcs by
straight line sections, and optimizing the values of a and £ for linearity.

with respect to the order m there are terms in B,,, B;;, B, etc. The term in B;;
can be cancelled by appropriate choice of the width Ay of the arc:

2 . A
BocJ:AWZ cos(mg¢ —my )dy =—cosmgsin may (1.73)
Ay[2 m 2

This term is zero when the angle subtended by the arc is 120°. The next
step is to cancel out the higher order terms. As shown in the previous exam-
ple, by using a symmetrical arrangement about the z = 0 axis, even order
terms are cancelled out by extending the number of arcs from two to four, as
shown in Figure 1.32(b). The next term is the contribution from B;;, which as
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also shown in Romeo and Hoult,* can be made equal to zero by calculating
the relevant value of C, ,, and results in the arrangement shown in Figure
1.32(c), with the values of o and f given by 21.3° and 68.7°, respectively.
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